Aims. By analyzing soft X-ray spectra observed during the impulsive phase of several solar flares, the n-distribution function of superthermal electrons has been detected. In the paper we try to answer the question of whether electrons with this type of distribution function can be produced in a shock, e.g. in a flare termination shock. Methods. We use analytical and numerical methods to compute distribution functions of electrons accelerated by a shock. Results. We analytically derive the distribution functions of reflected electrons at quasi-perpendicular shocks. We also consider the influence of the electrostatic cross-shock potential, shock curvature, and the role of the upstream seed population on these distributions. The computed distributions are compared with the n-distributions. We found that a high-energy part of the distribution of electrons reflected at a quasi-perpendicular shock can be very well fitted by the n-distribution in all the cases we studied. This provides a chance to detect the flare termination shock.
Introduction
Shock waves are natural elements of eruptive solar flares. In the standard CSHKP model (Carmichael 1964; Sturrock 1966; Hirayama 1974; Kopp & Pneuman 1976 ) of eruptive flares and in its three dimensional generalization (Aulanier et al. 2012) , the shock waves are mainly generated at front boundaries of ejected plasma. Some of these shocks are observed as type II solar radio bursts (Dryer et al. 1998; Gopalswamy et al. 2013) .
Besides these shocks, in the impulsive flare phase, the standard flare model predicts the shock located at the upper parts of the flare arcade, called the termination shock. Here, the plasma that outflows from the fast magnetic reconnection region (located above the flare arcade) is suddenly nearly stopped (Birn & Priest 2007) . Generally, this shock can be quasi-parallel (near the top of the arcade, where the magnetic field is nearly perpendicular to the shock front) or quasi-perpendicular (at some distance from the arcade top, where the magnetic field is nearly parallel to the shock front).
The termination shock, as with any other shock, should accelerate electrons and thus produce a non-thermal distribution of electrons in its vicinity. This gives us a chance to detect it. On radio waves, the termination shock has been already detected (Aurass et al. 2002; Chen et al. 2015) , and observations (Chen et al. 2015) , as well as simulations (Guo & Giacalone 2012) indicate that it could be an efficient particle accelerator. However, these observations are very rare.
Therefore a question arises: if the termination shock can be also detected in some other types of emissions, e.g. in the line spectra in the soft X-ray range. To do this, the nonthermal distribution of electrons in the vicinity of the termination shock has to be determined. In this paper, assuming the shockdrift acceleration mechanism, effectively operating for quasiperpendicular shocks (Leroy & Mangeney 1984; Wu 1984; Krauss-Varban & Wu 1989; Vandas 1989b; Vandas & Karlický 2011) , we calculate this non-thermal distribution function. The cited theoretical works are supported by observational evidence of accelerated electrons in the vicinity of nearly perpendicular shocks, e.g. at the Earth's bow shock (Anderson et al. 1979) , traveling interplanetary shocks (Potter 1981) , which are often bow shocks ahead of coronal mass ejections (CMEs), and it is assumed that the shock drift mechanism contributes to the acceleration of electrons at the heliospheric termination shock (Fahr & Verscharen 2016) .
Recently, Kulinová et al. (2011) analyzed the line spectra of three solar flares in the 3.40-6.05 Å X-ray range observed by RESIK instrument (Sylwester et al. 2005) . Considering three silicon lines (5.22, 5.68, and 5.82 Å) that are only observed during the impulsive phases of these flares and using diagnostic methods for determination of the distribution function, they find that the ratios of these silicon lines can be explained only by an electron distribution function, which is much steeper than the Maxwellian one in the high-energy range (above 1 keV). As a prototype for these distributions, the n-distribution (Hares et al. 1979 ) is used arbitrarily (e.g. Seely et al. 1987 ). The n-distribution function is described in the next section. In the flares, studied by Kulinová et al. (2011) , the parameter n of the n-distribution, which controls the steepness of the electron energy spectra, was estimated up to n = 11.
Meanwhile, some ideas that explain the physical origin of the n-distribution appear: (a) moving Maxwellian electron distribution in an electric current system or in a return-current of the beam plasma system (Dzifčáková & Karlický 2008; Karlický et al. 2012) ; or (b) the distribution of electrons accelerated in the strong double layer (Karlický 2012) . Because these explanations still have some drawbacks, in this paper we search for further possibilities to explain the physical origin of the n-distribution detected in solar flares.
Therefore, in this paper, we study the distribution function of electrons accelerated in the shock and compare it with the n-distributions. We focus on the high-energy part of these Keeping the mean particle energyĒ constant, the n-distribution for n > 1 has a steeper decrease in its high-energy part than the corresponding Maxwellian distribution (n = 1), and a higher n means a steeper decrease in general. When comparing observations with a model that uses the n-distribution, n and E n are considered as free parameters.
The n-distribution function is used without a deeper physical justification, as a mathematical construct which, when used, fits observational data. However, physical processes that would generate n-distribution functions are searched. Some have been mentioned in the introduction and the other process is examined in the following sections. We find some resemblance here with the kappa distribution function (Vasyliunas 1968) , which was arbitrarily used to describe distributions of solar wind electrons (Feldman et al. 1983) or magnetospheric particles (Krimigis et al. 1981) , and only afterwards its physical meaning started to emerge (Livadiotis & McComas 2013) . When compared to the Maxwellian distribution, the n-and kappa distributions represent two antipodes, the n-distribution function has a steeper (softer) energy tail than the Maxwellian distribution, while the kappa distribution has a harder energy tail. Both distributions are used to explain soft X-ray observations of solar flares, but in different cases (Kulinová et al. 2011; Battaglia et al. 2015) . Leroy & Mangeney (1984) and Wu (1984) pointed out that nearly perpendicular collisionless shock waves are capable of accelerating electrons. These shocks act as a fast moving magnetic mirror, therefore Wu (1984) named the acceleration mechanism a fast Fermi process. Analysis of electron motion in the shock layer revealed that electrons were accelerated by the shock drift mechanism (Krauss-Varban & Wu 1989; Vandas 1989b) ; not only electrons reflected upstream are accelerated, but also electrons transmitted downstream.
Distribution functions of accelerated electrons
Following Wu (1984) , we assume that the shock is a plane shock wave and that the initial upstream electron distribution (seed particles) is Maxwellian,
where n s is the number density and v s is the thermal velocity. The distribution function is normalized as
where α is the pitch angle of electrons (the angle between the velocity vector of an electron and the ambient magnetic field vector) and ϕ is their (gyro)phase. Electrons interact with the shock wave and are either reflected upstream or transmitted downstream. During the (gyrotropic) process their velocity and pitch angle are modified. Their final velocity v and pitch angle α are uniquely determined (through their equations of motion) by the initial velocity v i and pitch angle α i , so we can symbolically write functional relationships v(v i , α i ) and α(v i , α i ). Reversing these relationships, we get v i (v, α), which specifies the initial velocity from the final values v and α. Using the Liouville theorem, the final distribution function after interaction,f (v, α), can be constructed:
(we note that f i is isotropic). The final distribution per energy is
where m e is the electron mass. Equation (8) follows from Eq. (6) and an equation analogical to Eq. (4).
The expressions for v i (v, α), in the case of reflected and transmitted particles, are known (e.g. Decker 1983; Vandas 1989a) . They follow from simple kinematic considerations: electrons move adiabatically, i.e. they conserve their magnetic moment and the problem is treated in the de Hoffmann-Teller frame of the shock, where the induced electric field vanishes. The problem here is magnetostatic, electrons conserve their kinetic energy and they are reflected at or transmitted through the shock, which acts as a magnetic mirror with the loss cone angle θ c , related to the shock jump by sin θ c = √ B 1 /B 2 , where B 1 and B 2 are the upstream and downstream magnetic fields, respectively. A127, page 2 of 6 Utilizing the expressions for v i (v, α), we obtain the distribution function of reflected electrons in the form
where µ = cos α,
is the normal component of the upstream plasma bulk velocity with respect to the shock front, and θ Bn is the angle between the shock normal and the upstream magnetic field. The quantity V B represents the velocity of the magnetic mirror. It must be comparable to electron velocities for the electrons to be efficiently accelerated. These electrons have energies around 1 keV, so their velocity is very high in comparison to the plasma bulk velocity, therefore θ Bn must be close to 90
• (and we speak about a nearly perpendicular shock). The pitch angle α ∈ 0, π is here defined in such a way, that electrons with α < π 2 move towards the shock in the upstream region and away from it in the downstream region (i.e. B 1 is oriented towards the shock; acceleration does not depend on the field orientation).
For electrons transmitted downstream we have
Equations (9)- (16) are valid for any isotropic initial distribution. When the Maxwellian distribution (5) is used, the integral (9) can be evaluated analytically; it reads
Es cos θ c
where E s = of reflected electrons is
where erf is the error function. Models usually need a distribution function normalized to its density. In the case of f r from Eq. (17), its proper density is n r , Eq. (18), not n s ; so n s may be expressed via n r from Eq. (18) and substituted into Eq. (17). The distribution function of transmitted electrons must be calculated numerically from Eq. (13). Figure 1 shows a comparison of three distribution functions. The Maxwellian distribution has T = 10 7 K (Eq. (1) with n = 1) and n e = 1 (units of number density are not important for the present analysis, we use dimensionless quantities). The n-distribution function (n = 3) has the same mean particle energy as the Maxwellian distribution:Ē = 3 2 k B T , which determines E n ≡ E 3 via Eq. (2). We see that the slope of the n-distribution function for higher energies is steeper than the Maxwellian slope. The profile of the distribution function of reflected electrons represents an ad hoc attempt to match the n-distribution function in its high-energy part. This was calculated from Eq. (17); parameters for the shock were taken from our papers on coronal shocks (Vandas & Karlický 2000 : V 1n = 1000 km s −1 and B 2 /B 1 = 1.6; the other parameters were n s = 3, E s = k B T/2 and θ Bn = 84
Comparison of distribution functions of accelerated electrons with the n-distribution function
• . We see that, with these reasonable shock parameters, the high-energy part of the n-distribution function is met very well, also the positions of maximum coincide reasonably well. At lower energies, the distribution function of reflected electrons is cut at the energy E B .
We also made similar calculations for transmitted electrons (not shown) which numerically evaluate the integral (13). The slope of their distribution in the high-energy part closely resembled the slope of the seed particles (i.e. Maxwellian one), so was not able to fit the n-distribution function. To be complete, there are also particles transmitted from downstream to upstream (Decker 1983) , but their density is very low and their energy is only slightly modified, so that they even more closely resemble the seed particles (a Maxwellian distribution). Therefore we do not consider transmitted particles in further analysis and concentrate on reflected electrons. Figure 2 is in the same format as Fig. 1 but it shows an extreme case of the n-distribution function, the function with n = 11. The Maxwellian distribution is the same as in Fig. 1 . The E n ≡ E 11 of the n-distribution function is determined by the sameĒ = 3 2 k B T . Reflected electrons have parameters n s = 30, E s = k B T/7, and θ Bn = 86
• ; the other parameters (notably of the shock) remained the same as for Fig. 1 . The match of the higher-energy parts between the n-distribution function and the distribution of reflected electrons is quite good. We note that the extreme n-distribution, especially its high-energy part, also represents here the best fit in computations of the silicon line intensities and their ratios (Kulinová et al. 2011) .
Influence of the electrostatic cross-shock potential and the shock curvature
To decelerate the upstream collisionless plasma, i.e. ions which bear an overwhelming part of the mass, an electrostatic field is formed in the shock layer which points upstream (e.g. Morse 1973 ). The electrostatic field does not disappear in the de Hoffmann-Teller frame and modifies the electron motion (Leroy & Mangeney 1984; Wu 1984) ; in kinematic considerations the conservation of the full energy (consisting of the kinetic and electrostatic potential energies) must be taken into account. The effect of the electrostatic potential is that it modifies the loss cone angle (e.g. Vandas 1989a) which is now denotedθ c , into
where ∆Φ is the cross-shock potential and e is the elementary charge. We see that the loss cone angle is not constant but depends on the particle velocity and pitch angle. Eq. (11) is modified,
and instead of Eqs. (17) and (18) we have
where erfc is the complementary function to the error function. For ∆Φ = 0, expressions (20), (21), and (23) reduce to expressions (11), (17), and (18), respectively. According to Vaisberg et al. (1984) , the potential jump is about 30-300 V at interplanetary shocks and 300-600 V for Earth's bow shock. However, in the de Hoffmann-Teller frame the electrostatic potential is highly suppressed owing to an out-of-plane magnetic field component inside the shock layer (Goodrich & Scudder 1984; Vandas 1991) ; instead of hundreds of volts, it is below a hundred. Figure 3 demonstrates an influence of the electrostatic potential on reflected electrons. The profiles of the n-and Maxwellian distributions are taken from Fig. 1 and supplemented by the distribution of reflected electrons at a shock with the electrostatic potential. The value of 80 V was used for the total electrostatic potential. The parameters of the fit remained the same A127, page 4 of 6 Fig. 1 ), the distribution function of reflected electrons (∆Φ = 0) by the solid red line (the same as in Fig. 1) , and the distribution function of reflected electrons when the cross-shock electrostatic potential is present (∆Φ = 80 V) is indicated by the dashed red line.
as for Fig. 1 , only n s was increased to n s = 4 in the case of ∆Φ 0, because the electrostatic potential reduces the number of reflected electrons. We see that the cut-off energy increases, but the higher-energy part remains approximately the same, so the n-distribution is well fitted there.
Shocks in nature are curved. The role of the shock curvature has been investigated (Krauss-Varban & Burgess 1991; Vandas 1994) . In this case, it is not possible to use the kinematic approach with the transformation into the de HoffmannTeller frame and it is necessary to calculate electron motions. However, Vandas (1994) has shown that the electron acceleration depends on the ratio of the shock thickness and the radius of curvature. When this ratio is small, electrons are accelerated as at a plane shock wave, i.e. their energy gain depends on the initial (≈final) θ Bn where the particles start to interact with the shock. For coronal shocks, this ratio is extremely low (Vandas & Karlický 2000) , so the results that are based on a plane shock wave (and presented above) are also applicable for curved shocks.
Role of the upstream seed population
Electrons are reflected upstream where their seed distribution propagates. So, in fact, the upstream distribution of electrons consists of the sum of these two distributions. This is shown in Fig. 4 which complements Fig. 1 . The seed (initial) distribution fills the gap in the lower energy interval where reflected electrons are missing. However, the higher-energy slope is practically intact. Finally Fig. 5 complements Fig. 2 for n = 11. Qualitatively this is similar to the previous case, but the lower-energy part has very large values in comparison to the n-distribution.
The use of Maxwellian distributions as seed particles is crucial for the present analysis. For example, seed particles with a kappa distribution would not yield reflected electrons with an nlike distribution, but with a high-energy tail that is harder than a corresponding Maxwellian distribution. 
Conclusions
Using analytical methods, we derived the distribution functions of reflected electrons at quasi-perpendicular shocks. We compared the distribution functions of electrons reflected at shocks with and without the electrostatic cross-shock potential. We found that the low-energy cut-off increases, but the high-energy part of the distribution remains approximately the same. Owing to the relatively low level of the shock curvature, we can conclude that the computations in the plane-shock approximation are sufficient for this study.
In all treated cases, we found that a high-energy part of the distribution of electrons reflected at the quasi-perpendicular shock can be very well fitted by the n-distribution. Therefore the n-distributions detected in the impulsive flare phase of some solar flares could be formed by the shock wave. Moreover, because during the impulsive flare phase the termination shock is expected to be formed, this could indicate the presence of this termination shock. However, this would be only indirect evidence of this kind of shock. Therefore, to gain further evidence, multifrequency studies are necessary. If the n-distribution is formed by the termination shock, it follows that the upstream plasma must be Maxwellian (or very close to it).
From an observational and diagnostic point of view, it is important to realize that in the space of reflected electrons there are also electrons of the seed distribution function. Therefore, for diagnostic purposes, the total distribution function needs to be considered. In the next paper, we plan to study effects of these electron distribution functions on intensities of the soft X-ray emission lines. This paper made the first necessary steps. It proved that reflected electrons at a shock had very similar distribution functions to n-distribution functions in their highenergy parts, which are used to interpret the observed soft X-ray emission lines.
